The paper examines three selective schemes for the smoothed finite element method (SFEM) which was formulated by incorporating a cell-wise strain smoothing operation into the standard compatible finite element method (FEM). These selective SFEM schemes were formulated based on three selective integration FEM schemes with similar properties found between the number of smoothing cells in the SFEM and the number of Gaussian integration points in the FEM. Both scheme 1 and scheme 2 are free of nearly incompressible locking, but scheme 2 is more general and gives better results than scheme 1. In addition, scheme 2 can be applied to anisotropic and nonlinear situations, while scheme 1 can only be applied to isotropic and linear situations. Scheme 3 is free of shear locking. This scheme can be applied to plate and shell problems. Results of the numerical study show that the selective SFEM schemes give more accurate results than the FEM schemes.
Introduction
In the finite element method (FEM), standard lowerorder quadrilateral isoparametric elements are the most popular and widely used for solving elasticity problems. However, they have two serious drawbacks: (1) They are overly stiff in bending problems due to the shear locking phenomenon; (2) They lock in nearly incompressible problems when the bulk modulus becomes infinite. To overcome these drawbacks, the reduced integration technique has been used, which saves a great deal of computational cost due to the use of only one point at the element centroid to evaluate the stiffness matrix instead of four integration points. This technique was devised by Zienkiewicz et al. [1] to alleviate shear locking in plate and shell bending. This technique was also shown to provide the added benefit of eliminating spurious constraints in incompressible applications, as demonstrated by Malkus and Hughes [2] . Unfortunately, in most cases reduced integration leads to artificial zero energy modes, precluding general application of this method. In many cases, selective reduced integration establishes a good compromise between efficiency (avoiding locking) and stability (avoiding artificial zero energy modes). The idea is to split the strain energy into individual parts and apply different integration rules to evaluate the corresponding contributions to the stiffness matrix.
So far, three selective reduced integration schemes are widely used. The first scheme (S1) and the second scheme (S2) are used to overcome the incompressible locking [3] . The idea of the first scheme is to decompose the material properties matrix into two parts, the volumetric part and non-volumetric part, and the stiffness matrix is also decomposed into two parts correspondingly. Then, the reduced integration is used only on the volume-part and the full Gauss integration is used on the remaining-part. However, in general, anisotropic and/or nonlinear situations, an explicit segregation of the contributions to the matrix equations into volumetrically stiff and non-volumetric terms as the scheme 1 is not always apparent. This limits the generality of scheme 1. In principle, a decomposition of the material tangent stiffness into dilatational, deviatoric, and dilatational-deviatoric coupling terms may always be achieved. Hughes [3, 4] generalized the selective integration procedures to anisotropic and nonlinear media in the B-bar method, which is referred to in this paper as the second selective integration scheme (S2). The idea of this scheme is to improve the dilatational part of the strain-displacement matrix by using reduced integration and the full Gauss integration is still used to calculate the stiffness matrix from the "improved" straindisplacement matrix. The third scheme (S3) is used to overcome the shear locking phenomenon in bending problems [1] . Reduced integration is used for the shear part and full integration for the remaining parts in calculating the stiffness matrix.
To overcome these problems in the FEM, Liu et al. [5, 6] proposed, for the first time, a smoothed finite element method (SFEM) by combining the existing FEM technology and the strain smoothing technique of meshfree methods. In this method, elements are used as in the FEM with smoothing operations performed over the elements. Depending on the accuracy and stability requirements, an element may be further subdivided into several smoothing cells with the smoothing operations then performed on each smoothing cell within an element. The Galerkin weak form is used as in the FEM, but the smoothed strains are used for computing the stiffness matrix. With a constant smoothing function, area integrations over the cell in the weak form become line integrations along the cell boundaries. Hence, no derivatives of the shape functions are involved in computing the field gradients to form the stiffness matrix. Numerical studies have demonstrated that the SFEM has some advantages over the standard FEM using 4-node isoparametric elements. For example, (1) The SFEM gives better results than the FEM in both displacement and energy because the SFEM stiffness is less than that of the FEM; (2) The domain discretization in the SFEM is more flexible than in the FEM so even severe distorted, tile or polygonal elements can be used; (3) The field gradients are computed directly using only the shape functions themselves; (4) The construction of shape functions can be much easier than in the FEM, which practically allows explicit interpolations of field variables; and (5) Many existing FEM algorithms can be easily modified and incorporated into the SFEM. Most importantly, these good features are gained without increasing the effort in both modeling and computation, and the changes to existing FEM codes are very minimal. All these features have been demonstrated in detail by Liu et al. [5, 6] using many numerical examples and various complex elements including extremely distorted quadrilateral elements, polygon, and tile elements. However, the problems relating to incompressible and shear locking phenomena have not yet been studied and effective SFEM schemes to solve these problems have not yet been established. This paper presents three selective SFEM schemes to solve the problems of incompressible and shear locking. The three selective schemes are formulated based on the three selective integration FEM schemes with similar properties found between the number of smoothing cells in the SFEM and the number of Gaussian integration points in the FEM. The discrete equations for the finite element method are generated from the Galerkin weak form ( ) ( ) ( )
where IJ δ is the Kronecker delta.
By substituting the approximations h u and h δu into the weak form and invoking the arbitrariness of virtual nodal displacements, Eq. (1) can be written as the standard discretized algebraic system of equations
where FEM K is the stiffness matrix and f is the element force vector with entries of
with the strain matrix defined as
1.2 Smoothed finite element method [5, 6] The SFEM combines the standard FEM procedure with a strain smoothing operation. SFEM uses elements as in the FEM with smoothing operations performed over the smoothing cells. The final discretized algebraic system of equations has the form 
where
u x is the strain obtained from the displacement with compatibility and
given smoothing function that satisfies at least the unity property
The following constant smoothing function
and the divergence theorem can be used to get the smoothed strain in the domain C 
where the smoothed strain matrix CI B is
(15) The SFEM has been proven to be energy consistent with very nice monotonic convergence properties [6] .
Three Selective SFEM Schemes
Liu et al. [5, 6] theoretically and numerically showed that the solution of SFEM with one smoothing cell (SC=1) has similar properties to the FEM using reduced integration. The element stiffness matrix will contain spurious zero energy modes and the global stiffness matrix can still be singular after imposing essential boundary conditions depending on the problem. SFEM solutions with more than one smoothing cell (SC>1) can avoid spurious modes and give stable results. This property is quite similar to that of the FEM using full Gauss integration. Hence, the similarities enable easy application of all three schemes of selective integration for the FEM (S1, S2, and S3) into the SFEM. The advantage of the SFEM is that it has more choices than the FEM in choosing the number of smoothing cells being larger than one (SC>1). In this paper, four smoothing cells will be used mainly to simplify the analysis.
Scheme 1
This scheme does not experience incompressible locking [3] . The material property matrix D for isotropic materials may be written as
where D is the µ -part of D and D , the remainder, is the λ -part, in which µ is the shearing modulus, 
where 2 0 0 
For three-dimensional geometries, 
Selective smoothing (first scheme, S1) refers to the use of SC=1 only on D (related to the λ term), and SC>1 on D (related to the µ term). Uniform smoothing refers to the use of SC=1 on both D and D for uniform smoothing. With scheme 1, the SFEM solution has the following properties:
(1 
Scheme 2
The second scheme, also called the B-bar approach [3, 4] , is for handling problems with nearly incompressible locking for anisotropic and/or nonlinear situations.
The strain-displacement matrix of a smoothing cell of an element may be expanded in terms of nodal submatrices as
, can be written as 
in which
(25) where a N is the shape function associated with node a and x i is the i-th Cartesian coordinate.
These are the standard expressions, but they must be modified to be successfully applied to volumetrically stiff materials. Let dil
Ca
The deviatoric part of Ca B is then defined as
To achieve an effective formulation for nearlyincompressible applications, 
dil Ca B will be calculated using SC=1. This is quite similar to the use of the mean value of Ci B to calculate the dilatational contribution in the scheme 2. In place of Ca B now employ
Finally, the normal SFEM procedure (SC>1) is used to calculate the stiffness matrix.
A 
Scheme 3
The third scheme is for dealing with shear locking [1] . The solution of plate and shell problems by independent specification of slopes and middle surface displacements is attractive due to its simplicity and its ability to reproduce shear deformation. Unfortunately, elements of this type become much too stiff as the thickness is reduced.
With the SFEM, one way to obtain a suitable improved flexibility is simply to use the different smoothing schemes for the individual components of the integrand of the stiffness matrix. The use of SC>1 for the "bending" and "membrane" parts (for the shell) and SC=1 for the "shear" part leads to a formulation which is free from shear locking without hurting convergence properties.
(1) For the plate problem [11] Depending on the FEM formulation, the SFEM expression to compute the stiffness matrix for a standard plate element is
where 
(2) For the shell problem (shells made of in-plane and bending elements) [11] The shell element stiffness matrix is given by
where K indicates the stiffness matrix, d indicates the general nodal displacement vector, and F indicates the general nodal force vector. The matrices and vectors consist a plate bending part and a plate stretching part. Subscripts b and m denote bending and membrane (stretching) deformations of the shell element. 
Because shell elements are oriented differently, a transformation matrix T needs to be used to transform the local matrices to the global matrices,
T F (42) Scheme 3 of the SFEM for plate and shell problems uses SC>1 for the "bending" and "membrane" parts (for the shell) and SC=1 for the "shear" part which leads to a formulation which is free from shear locking. However, calculation of the "shear" part still uses Gauss integration to calculate This may be one disadvantage of SFEM since the Gauss integration still has to be used for plate and shell problems.
Numerical Examples

Infinite plate with a circular hole
This example compares the efficiency of schemes 1 and 2 used in the SFEM and in the FEM for an incompressible locking problem. 
where n dof is the total number of degrees of freedom in the problem, i u is the exact solution and h i u is the numerical solution. Table 1 presents the strain energy, while Table 2 presents the displacement norm of the infinite plate for various meshes. The results show that both the FEM using full Gauss integration and the SFEM using SC=4 for all elements fail to give the correct results due to the incompressible locking, while both the SFEM and the FEM using schemes 1 and 2 overcome the incompressible locking phenomenon to give results that compare well to the exact solution. Comparison between the FEM and SFEM shows that the SFEM using schemes 1 and 2 gives better results than those of the FEM because the SFEM stiffness matrix is not as stiff as that of the FEM using full Gauss integration [6] . In addition, the results also show that scheme 2 gives better results than scheme 1. 
(25 nodes) 
Semi-infinite plate
This example also compares the efficiency of schemes 1 and 2 in the SFEM and in the FEM for an incompressible locking problem. The semi-infinite plate shown in Fig. 3 is studied subjected to a uniform pressure within a finite range ( a x a − ≤ ≤ ). The plane strain condition is considered. The analytical stresses are given by ( )
The directions of 1 θ and 2 θ are indicated in Fig.   3 . The corresponding displacements can be expressed as Table 3 presents the displacement norm, while Table  4 presents the energy norm of the semi-infinite plate for various meshes. The results again show that both the FEM using full Gauss integration and the SFEM using SC=4 for all elements fail to give correct results due to the incompressible locking, while both the SFEM and the FEM using schemes 1 and 2 overcome the incompressible locking phenomenon to give results that compare well to the exact solution. Comparison of the FEM and the SFEM shows that the SFEM using schemes 1 and 2 gives better results than the FEM. In addition, the results also show that scheme 2 gives better results than scheme 1. This along with its general applicability ensures wide application of scheme 2 for incompressible locking problems.
3.3
Square plate subjected to a concentrated load at the center [11] This example shows that the SFEM with scheme 3 overcomes shear locking in a plate problem. A simply supported square plate is subjected to a concentrated load at the center. The plate is the side lenth 25.4 a = cm and its thickness t changes from 0.127 cm to 5.08 cm. The plate is made of the steel whose elastic modulus 6 206.84 10 E = × kPa and Poisson ratio is 0.3. The applied force is 177.93 N at the center. A quarter of the plate is modeled due to symmetry and it is divided into sixteen 4-node elements as shown in Fig. 5 . The analytical solution for the deformation at the center [13] 
where P is the applied load at the center and ( ) show that the FEM using full Gauss integration and the SFEM using SC=4 for all bending and shearing parts give divergent results as the plate thickness is reduced due to shear locking. However, the SFEM and the FEM both using scheme 3 give results that converge to that of the thin plate as the plate thickness is reduced. [11] This example shows that the SFEM with scheme 3 The two curved edges are assumed to be supported by rigid diaphragms and the other two edges are free. Because of symmetry, only a quarter of the structure is modeled as shown in Fig. 7 . The analytical solution for the vertical deflection of the middle of the free side is 9.406 cm [14] . Table 5 lists the vertical deflection at the middle of the free edge. The results show that both the FEM using full Gauss integration and the SFEM using SC=4 for all bending, membrane, and shearing fail to give the correct results due to shear locking, while the SFEM and the FEM both using scheme 3 overcome this shear locking to give good results. Moreover, the SFEM result is better than that of the FEM due to the smaller stiffness of the SFEM matrix. 
Barrel vault shell subjected to its own weight
Conclusions
This paper describes three selective SFEM schemes. The formulation and numerical examples show that the SFEM can efficiently solve problems with incompressible locking and shear locking by splitting the strain energy into parts and applying different numbers of smoothing cells to these parts in calculating the stiffness matrix. The SFEM works well for 2-dimensional elasticity problems because the strain gradient matrix has only derivatives of the shape functions and integration on the domain can be transformed to line integration on the boundary. However, for plate and shell problems, because the strain gradient matrix of the shear part s B includes the shape functions themselves, the integration of the shape functions on the domain can not be transformed to line integration on the boundary. Therefore, the line integration is used in the SFEM for the derivatives of the shape functions, and the Gauss integration is used for the shape functions themselves.
SFEM schemes 1 and 2 are both free from nearly incompressible locking, but scheme 2 is more general and gives better results than scheme 1. Scheme 2 can be applied for anisotropic and nonlinear situations, while scheme 1 can only be applied for isotropic and linear situations. SFEM scheme 3 is free from shear locking and can be applied to plate and shell problems.
In general, the SFEM with the three schemes, scheme 1, scheme 2, and scheme 3, gives better results than the FEM with these schemes mainly because the SFEM stiffness matrix is not as stiff as that of the FEM using full Gauss integration [6] .
English Summer Camp Opens
Tsinghua launched its fourth English Summer Camp on July 9, 2007 for nearly 3200 students who have just completed their freshman year.
The English Summer Camp features a flexible learning style, the students can choose from four ways of learning. The four learning styles include intensive training in listening and speaking, comprehensive knowledge training, internet self-study, and overseas studies.
A series of activities including lectures, singing competition, movies, dance, and Camp Store will be held to help the students learn more about foreign cultures.
More than 130 foreign teachers and foreign volunteers took part in the camp.
（From http://news.tsinghua.edu.cn，2007-07-13）
